We derive that lightning can start if the electric field is 15% of the breakdown field, and if elongated ice particles of 6 cm length and 100 free electrons per cm 3 are present. This is one particular example set from a parameter range that we discuss as well. Our simulations include the permittivity ϵðωÞ of ice. 100 free electrons per cm 3 exist at 5.5 km altitude in air showers created by cosmic particles of at least 5 × 10 15 eV. If the electric field zone is 3 m high and 0.2 km 2 in the horizontal direction, at least one discharge per minute can be triggered. The size distribution of the ice particles is crucial for our argument; more detailed measurements would be desirable.
Introduction.-Lightning inception is the first out of the "top ten questions in lightning research" according to a recent review [1] . How can lightning start when the electric fields in thunderclouds are well below the classical breakdown field E k [2] that is required for electron multiplication and ionization growth? And when the height of the high electric field zone is typically smaller than a kilometer?
It was already suggested a few decades ago that a discharge could start in a lower electric field due to the relativistic runaway electron breakdown: cosmic particles could create ionization avalanches of relativistic particles when the electric field exceeds the threshold field E RREA ≈ E k =10 for the formation of a relativistic runaway electron avalanche (RREA). However, as the RREA length is of the order of 300 m for a field of 2.8 kV=cm (at standard temperature and pressure) [3] , the electric field needs to exceed E RREA over heights of several km.
Another suggestion is that hydrometeors, i.e., airborne particles consisting of liquid or frozen water (droplets, snowflakes, graupel, hail, etc.) could enhance the electric field locally in their neighborhood due to their high permittivity [4] . Experiments show how air discharges start from ice particles [5, 6] ; however, the background electric fields here are as large as 0.3 E k , and the free electrons needed to start the discharge are created through a radioactive source. In Ref. [7] an ice particle is modeled as an ionized patch of air. This model demonstrates the field enhancement around a real hydrometeor and the emergence of a discharge, but the electrons are trivially available from the ionized patch while a lack of free electrons is an essential issue in a thundercloud.
Free electrons in the high field region are needed to start a discharge. They are generated up to a few km in altitude by the decay of radioactive elements emitted from the ground, and furthermore by solar energetic particles and by cosmic rays. However, within the troposphere these free electrons attach within tens of nanoseconds to oxygen molecules and form roughly 10 3 positive and negative ions per cm 3 . In dry air, the electrons can detach again and start a discharge when the electric field exceeds E k [8, 9] . But in humid air, the O − 2 ions attract water molecules within microseconds [10] . The electron detachment time from such ion-water clusters is of the order of micro-or even milliseconds [11] , and it is negligible on the nanosecond time scale of the primary discharge evolution. Gurevich and Karashtin [12] suggested that the free electrons near a hydrometeor could be supplied by RREAs in air showers created by cosmic particles with energies between 10 11 and 10 12 eV. However, they do not elaborate whether a discharge would actually start-according to our analysis below it wouldn't-and their frequency of cosmic particles is 2 or 3 orders of magnitude smaller than in the Particle Data Group [13] . Furthermore, the frequency dependence of the dielectric permittivity ϵðωÞ of ice has to be taken into account when calculating the field enhancement near a frozen hydrometeor-it is 90 for static electric fields, but only 3 for fields changing on a nanosecond time scale.
Structure of the approach.-Whether lightning can be started by an extensive air shower hitting a hydrometeor, depends (i) on the distributions of hydrometeor sizes and shapes, (ii) on the distribution of electric fields in the thundercloud, and (iii) on the distribution and properties of extensive air showers created by high energy particles penetrating the atmosphere. Here we determine one set of parameters in this high-dimensional space that is likely to start lightning.
We start with analyzing the requirements on hydrometeor sizes and shapes, on background electron density and on background electric field to start a discharge, and we perform simulations showing that and how the discharge actually starts under these conditions. Then we analyze the energy of the galactic cosmic particles required to create the necessary density of free electrons. Finally, we investigate the probability that the requirements on hydrometeors, electric fields, and cosmic particles coincide.
The altitude for our calculations is 5.5 km, a typical altitude for lightning inception [14] . According to the International Standard Atmosphere, we assume T ¼250K, p ¼ 500 mbar, and hence an air density n ¼ 0.6n 0 , where n 0 is at ground level. The transport and reaction coefficients (electron mobility and diffusion and effective Townsend coefficient including 2-and 3-body attachment) for an air discharge are calculated with BOLSIG+ [15] with Phelps' database [16] .
Requirements on hydrometeor size and shape as a function of the background field.-A frozen hydrometeor moving in a thundercloud electric field that changes on a millisecond time scale or more slowly will locally enhance the field due to its high dielectric permittivity ϵ ¼ 90. To start a self-propagating streamer discharge, a free electron needs sufficiently many multiples of the ionization length. This ionization length as a function of the local electric field E is given by the inverse of the effective Townsend coefficient α eff ðEÞ, which is basically the balance of electron impact ionization and electron attachment (hence α eff ðE k Þ ¼ 0 defines the breakdown field E k ). The electron avalanche multiplication factor e M along a given path is given by the Meek number M ¼ R α eff ðEÞdz that is widely used in electrical engineering. In our simulations, a Meek number of 10 was sufficient, and we take that number as a benchmark.
Hydrometeors appear in a large variety of shapes, yet their shape in the direction perpendicular to the thundercloud field does not contribute much to the field enhancement at their tip. Essentially the length of a hydrometeor l and its radius of curvature R at the tip parallel to the field determine the electric field enhancement near the tip. Therefore, we approximate the hydrometeor as a prolate ellipsoid of revolution with length l and radius of curvature R. (In this case the predischarge field can be calculated analytically [17] .) For a Meek number of M 0 ¼ 10, the hydrometeor length l required to start a discharge is a function of the reduced background electric field E bg =E k and the R=l ratio, and is given by l ¼ M 0 n 0 =n × FðR=l; E bg =E k Þ. The Meek number is calculated on the symmetry axis where the field is above the breakdown value E k . Figure 1 shows, as a result, the conditions for a discharge to start at 5.5 km altitude. The contour lines indicate the lines of constant hydrometeor length l as a function shape parameter R=l and the reduced thundercloud field E bg =E k . The lines are altitude dependent, and only the length l has to be rescaled. At 0 km, the lines are from left to right 3.4 cm, 1.7 cm, 0.85 cm, and 0.43 cm. At 8 km, they are 7 cm, 3.6 cm, 1.8 cm, and 0.95 cm, respectively. Lightning inception is possible either for large hydrometeors (the left part in Fig. 1 ) or for high electric fields (the right part). In other words, to create a sufficiently large number of electron multiplications, a hydrometeor in a given thundercloud field not only has to be sufficiently sharp to significantly enhance the field, but also sufficiently long to enhance it in a large region. The optimal aspect ratio R=l for given E bg =E k is indicated by the dashed curve. For a given length l, hydrometeors sharper than optimal are less likely to initiate a discharge, even though they have a higher electric field directly at the tip.
Below we present the full analysis for one case indicated by the red diamond in Fig. 1 . In our simulations, we chose the parameters to minimize the electric field within the parameter space, and therefore the size of the hydrometeor had to be on the extreme side in a thundercloud. Yet, such hydrometeors are observed with a density of roughly 0.1 m −3 [18] . Requirement on the density of free electrons.-The Meek number analysis can be applied if there is at least one free electron ahead of the positive end of the hydrometeor at such a distance that it can drift toward it within its time. For an air density of n ¼ 0.6n 0 , the effective electron lifetime (based on attachment and impact ionization times) is approximately 30 ns. By tracing the electron drift from the hydrometeor surface backward in time for half the lifetime, we found that they came from a volume with 1.5 mm radius and length, i.e., from a volume of 10 mm 3 . This means that with a homogeneous density of 100 free electrons per cm 3 , on average one electron will be available within the relevant volume to start the discharge.
Simulation of actual discharge inception from the hydrometeor.-The discussion above suggests that a positive streamer (developing subsequently into a lightning
length in a thundercloud field of 2.7 kV=cm at 5.5 km altitude when the density of free electrons is initially at least 100 cm −3 . We now take these parameters as an input for our 3D cylindrically symmetric discharge model and investigate whether a streamer discharge actually forms and propagates.
The discharge is modeled with the classical diffusiondrift-reaction model of Ref. [19] with space charge effects, and with photoionization included as in Ref. [20] .
The hydrometeor is modeled as a dielectric; the dielectric function ϵðωÞ of ice depends on frequency ω, it is 90 for slow responses and 3 on the nanosecond time scale [21] . We assume that electrons, when reaching the hydrometeor, attach to the surface. No transport, reactions, or secondary electron emission are assumed on its surface.
The length of the simulation domain is 8.5 cm and its diameter is 4 cm, sufficiently much larger than the hydrometeor that the background field can be fixed by appropriate Dirichlet boundary conditions for the electric potential on the boundary. Together with the hydrometeor with dielectric constant 90, this fixes the stationary field. The discharge plasma develops its own electric field. Because of the superposition principle, this can be calculated from the charge distribution within the discharge with a constant potential on the outer boundary, and with a dielectric response of the hydrometeor with ϵ ¼ 3, and then added to the other field.
The equations are discretized on a static nonuniform grid. The grid is refined in the area where a streamer is expected to propagate. The size of the finest grid cells is 1 μm. Away from the area of streamer propagation, grid cells quadratically increase in size up to 0.2 mm on the boundaries.
The result of our simulations is shown in Fig. 2 . The left panel shows the electron density and the right panel the electric field strength after 46 ns. Clearly a streamer discharge with its strong field enhancement ahead of the tip has formed below the hydrometeor. The streamer incepts after about 25 ns, leaves the area of enhanced electric field, and propagates due to its self-generated field enhancement into a region where the field is below the breakdown field. The average streamer velocity is about 10 5 m=s. The small ϵ of ice on the ns time scale substantially hinders the streamer propagation; if we would erroneously take ϵ ¼ 90 on all time scales, the streamer would propagate twice as fast. As the ice responds with a small ϵ to the rapid streamer evolution, the field penetrates into the tip of the hydrometeor, as the right panel of Fig. 2 shows.
Occurrence rate of required electron density.-Without assuming a sufficiently high thunderstorm electric field of sufficient extension to form relativistic runaway electron avalanches as in Refs. [12, 22] , energetic cosmic particles are able to produce enough free electrons in so-called extensive air showers [13] . We will now calculate the occurrence rate of such events based on models developed for cosmic ray physics.
We focus our analysis on protons with energies between 5 × 10 15 and 5 × 10 16 eV. Our calculations described below show that below 5 × 10 15 eV it is very unlikely that the core of an extensive air shower reaches a density of 100 thermal electrons per cm 3 at 5.5 km altitude, while above 5 × 10 16 eV the electron density is always sufficient, but the occurrence rate decreases with the energy E of the cosmic particle as E −2 . Cosmic protons with energies between 5 × 10 15 and 5 × 10 16 eV first interact with an air molecule at about 15 to 25 km altitude, which marks the beginning of the shower. The number of secondary particles in the shower then increases until it reaches a maximum between 4 and 8 km altitude, depending on the energy of the primary particle, on the inclination of the particle trajectory with respect to the vertical axis and on the altitude of first interaction. The shower develops downward with nearly the speed of light, and resembles a disc of high energetic particles that leaves a trail of nonrelativistic particles behind. The shower has a narrow core with a very high particle concentration.
Extensive air showers can be simulated by the Monte Carlo program CORSIKA [23] which follows particle movement and interactions explicitly down to a user defined energy threshold of at least 50 keV. However, we need the density of free electrons in the eV range that could start the discharge shown in Fig. 2 . So we need to follow the particle generation and motion below CORSIKA's energy threshold. As the cross sections for impact ionization by electrons and positrons are 4 orders of magnitude larger than for PRL 115, 015002 (2015) P
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week ending 3 JULY 2015 photoionization, while the photon number is only a factor 20 larger, we only calculate the lower energy electrons generated by electrons and positrons. Furthermore, we use the fact that electrons and positrons of 1 MeV or less can not travel for more than 1 meter at 5.5 km altitude [24] , and we only post-process the electrons and positrons within 3 meters from the core center to derive the electron density within the core. The particle density above this threshold is calculated using the restricted collisional stopping power [25] divided by the net cost per ionization of about 20-30 eV (that depends on energy as elaborated in [24] ), this strategy is in line with Ref. [22] . This combination of approaches determines the thermalized free electron density within the core of each shower.
We have simulated 297 showers with primary proton energies between 5 × 10 15 and 5 × 10 16 eV and with random inclinations, and we have determined the flux of electrons and positrons with energy above 1 MeV in the shower core at 5.5 km altitude. A typical output is 10 to 40 million particles with roughly 90% photons, 4% electrons, and 4% positrons. From these we determined the density of electrons with eV energy within the core of 1 meter radius according to the prescription above. Taking the measured differential cosmic ray flux [13] into account, the density of 100 thermal electrons per cm 3 in the core is reached with a frequency of at least 5 km −2 min −1 within our sample.
Probability of coincidence of large hydrometeor and extensive air shower inside the thundercloud field.-As sketched in Fig. 3 , we require three phenomena to coincide in space and time: a thunderstorm electric field, a hydrometeor that is large and elongated enough, and an extensive air shower creating a sufficient density of thermal electrons.
First, at least one hydrometeor of sufficient size and shape has to be inside the core of the air shower. For a core radius of 100 cm and a hydrometeor density of 10 −7 cm −3 , a height of h ≈ 3 m is sufficient. This limits the spatial height where the electric field has to exceed 2.7 kV cm −1 to 3 m as well.
Second, the air shower has to hit the horizontal area in the cloud where the electric field exceeds 2.7 kV cm −1 . With at least five sufficiently energetic showers per km 2 and per minute, we find at least one shower per second, if the horizontal high field area A is 12 km 2 , or equivalently 1 shower per minute, if the area is 0.2 km 2 . Summary and discussion.-We have found that elongated hydrometeors of centimeter size are required to start a discharge at 5.5 km altitude, if the background field is as low as 0.15 times the classical breakdown field, and our simulations with a realistic permittivity ϵðωÞ of ice showed that a streamer discharge actually can emerge, if 100 free electrons per cm 3 are present. But due to electron attachment to oxygen and the formation of water clusters around these ions, free electrons are typically too rare for a discharge to start. However, a cosmic proton with energy above 5 × 10 15 eV can create an extensive air shower whose core can provide the necessary electron density. These air showers appear with a frequency of 1 per 0.2 km 2 per minute, and hence can explain how lightning discharges can start in an undervolted region. According to this argument, lightning inception at higher altitudes-say 12 km-is less likely as the hydrometeor has to be larger and as the electron density in the extensive air shower is lower at these altitudes.
The strongest constraint in our analysis comes from the sizes of the hydrometeors which are little investigated within thunderclouds. Mason [26] suggested already in 1953 a correlation between graupel size and lightning inception-which should be studied further.
The height of the zone where the electric field has to exceed the runaway threshold is only of the size of meters, rather than of more than a kilometer as required for a relativistic runaway avalanche, and relativistic avalanching in an external electric field is not required in our model. Rather all free electrons are generated by the energy of the primary cosmic particle. The required height of the electric field zone is inversely proportional to the density distribution of large hydrometeors.
Finally, in our rare event analysis for the electron density in the shower core, we have focussed on a core radius of 1 m. Future analysis might reveal even more favorable core radii and related primary particle energies. 3 (color online) . Sketch of the model ingredients; not to scale. In the event box (blue) at an altitude of 5.5 km we assume an electric field E ≥ 2.7 kV cm −1 , a density n HM ≥ 10 −7 cm −3 of hydrometeors of correct shape and size, and at least one extensive air shower creating a thermalized free electron density n e ≥ 100 cm −3 in a core (red) of radius ≥ 100 cm. The height h and horizontal area A of the event box are determined by shower distribution and inception frequency.
